Motivated by the work of Nakayashiki on the inhomogeneous vertex models of 6-vertex type, we introduce the notion of crystals with head. We show that the tensor product of the highest weight crystal B(λ) of level k and the perfect crystal B l of level l is isomorphic to the tensor product of the perfect crystal B l−k of level l − k and the highest weight crystal B(λ ′ ) of level k.
Introduction
In [9] , Nakayashiki studied the inhomogeneous vertex models of 6-vertex type, and he explained the degeneration of the ground states from the point of view of the representation theory as follows. Let V (Λ i ) be the irreducible U 
He identified (V s−1 ) z with the degeneration of the ground states.
The q = 0 limit can be described in terms of crystal bases. Let B s be the crystal base of V s , and let B(Λ i ) be the crystal base of V (Λ i ). Then we have an isomorphism of crystals
The purpose of this paper is to generalize the above result on crystals in a more general situation, replacing U ′ q ( sl 2 ) with quantized affine algebras U ′ q (g), B(Λ i ) with the crystals of the integrable highest weight representations of arbitrary positive level, and B s with perfect crystals.
The crystal of the integrable highest weight representation has a unique highest weight vector. Namely, it contains a unique vector b such thatẽ i b = 0 for all i and all the other vectors can be obtained from b by applyingf i 's successively. However, neither B s−1 ⊗B(Λ i ) nor B(Λ i+1 ) ⊗ B s has such properties. Instead, they satisfy weaker properties: the highest weight vector has to be replaced with a subset consisting of several vectors, which we call the head. This is a combinatorial phenomenon corresponding to the degeneration of the ground states in the exactly solvable models.
Let B be a crystal. For b ∈ B, let E(b) be the smallest subset of B containing b and stable under theẽ i 's. We say that B has a head if E(b) is a finite set for any b ∈ B. For such a crystal, we define its head H(B) to be {b ∈ B| E(b ′ ) = E(b) for every b ′ ∈ E(b)}. Then the head replaces the role of highest weight vectors: all the vectors in B can be obtained from vectors in the head by applyingf i 's successively.
If D is a finite regular crystal and B(λ) is the crystal of the integrable highest weight representation with highest weight λ of level k, then D ⊗ B(λ) has a head and its head is given by D ⊗ u λ , where u λ is the highest weight vector of B(λ). However, if we change the order of the tensor product, the situation is completely different. The crystal B(λ) ⊗ D has a head, but u λ ⊗ D is not the head in general. In this paper, we prove that, for a perfect crystal B l of level l > k, B(λ) ⊗ B l is isomorphic to the crystal B l−k ⊗ B(λ ′ ) for another dominant integral weight λ ′ of level k and the perfect crystal B l−k of level l − k (see Theorem 5.4 for more precise statements).
The proof is based on the theory of coherent families of perfect crystals developed in [5] and the characterization of crystals of the form D ⊗ B(λ). We introduce the notion of regular head (Definition 4.1), and we prove that any connected regular crystal with regular head is isomorphic to a crystal of the form H(B)⊗B(λ) for some dominant integral weight λ (see Theorem 4.7 for more precise statements). Then, we check the regularity condition for the coherent families of perfect crystals.
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Quantized Affine Algebras
Let I be a finite index set and A = (a ij ) i,j∈I a generalized Cartan matrix of affine type. We choose a vector space t of dimension |I| + 1, and let Π = {α i | i ∈ I} and Π ∨ = {h i | i ∈ I} be linearly independent subsets of t * and t, respectively, satisfying h i , α j = a ij for all i, j ∈ I. The α i (resp. h i ) are called the simple roots (resp. simple coroots), and the free abelian group Q = i∈I Zα i (resp. Q ∨ = i∈I Zh i ) is called the root lattice (resp. dual root lattice). We denote by δ = i∈I a i α i ∈ Q the smallest positive imaginary root and c = i∈I a
Chapter 6]). Set t * cl = t * /Cδ and let cl : t * → t * cl be the canonical projection. We denote by t * 0 = {λ ∈ t * | c, λ = 0} and t * 0 cl = cl(t * 0 ).
Let P = {λ ∈ t * | h i , λ ∈ Z for all i ∈ I} be the weight lattice and P ∨ = {h ∈ t | h, α i ∈ Z for all i ∈ I} be the dual weight lattice. Note that α i , Λ i ∈ P and h i ∈ P ∨ , where Λ i ∈ t * are linear forms satisfying h j ,
cl . Since the generalized Cartan matrix A is symmetrizable, there is a non-degenerate symmetric bilinear form ( , ) on t * satisfying
We normalize the bilinear form so that we have (δ, λ) = c, λ .
Note that t * 0
cl has a non-degenerate symmetric bilinear form induced by that on t * . We take the smallest positive integer γ such that γ(α i , α i )/2 is a positive integer for all i ∈ I.
Definition 2.1
The quantized affine algebra U q (g) is the associative algebra with 1 over C(q 1/γ ) generated by the elements e i , f i (i ∈ I) and q(h) (h ∈ γ −1 P ∨ ) satisfying the following defining relations:
where
The quantized affine algebra U q (g) has a Hopf algebra structure with comultiplication ∆, counit ε, and antipode S defined by
We denote by U ′ q (g) the subalgebra of U q (g) generated by e i , f i (i ∈ I) and q(h) (h ∈ γ −1 Q ∨ ), which will also be called the quantized affine algebra.
generated by e i , f i , and t i .
Crystals with Head
In studying the structure of integrable representations of quantized affine algebras, the crystal base theory developed in [3] provides a very powerful combinatorial method. In this section, we develop the theory of crystals with head. We first recall the definition of crystals given in [4] . Definition 3.1 A crystal B is a set together with the maps wt : 
We define the maps wt :
In the sequel, we will only consider the crystals over the quantized affine algebra U ′ q (g). Hence the weights of crystals will be elements of P cl . For example, for λ ∈ P cl , consider the set T λ = {t λ } with one element. Define wt(t λ ) = λ, ε i (t λ ) = ϕ i (t λ ) = −∞, and e i (t λ ) =f i (t λ ) = 0 (i ∈ I). Then T λ is a crystal and we have
For a dominant integral weight λ, we denote by B(λ) the crystal associated with the integrable highest weight representation with highest weight λ, and u λ the highest weight vector of B(λ). The highest weight vector u λ is the unique element of B(λ) with weight λ satisfyingẽ i u λ = 0 for all i ∈ I.
For a subset J of I, we denote by U ′ q (g J ) the subalgebra of U ′ q (g) generated by e i , f i , and t i (i ∈ J). Note that if J ⊂ = I, then g J is a finite-dimensional semisimple Lie algebra. Similarly, for a subset J of I, we denote by B J the crystal B equipped with the maps wt, ε i , ϕ i ,ẽ i , andf i for i ∈ J. We say that a crystal B over U 
It follows that
Recall that the Weyl group W acts on the regular crystals ( [4] ). For each i ∈ I, the simple reflection s i acts on the regular crystal B by
We first prove:
Proof. (a) It suffices to show that
(b) Note that for any b ∈ B, we havef i b =ẽ
. By (a), this implies E(b) is stable underf i for all i ∈ I. Hence we have the desired result.
Q.E.D.
Definition 3.4
We say that a regular crystal B has a head if E(b) is a finite set for any b ∈ B. In this case, we define the head H(B) of B to be
and B is called a crystal with head.
In the following, we prove some of the basic properties of the crystals with head.
Lemma 3.5 Suppose that B has a head H(B). (a) The head H(B) is stable underẽ
Lemma 3.6 Let B be a regular crystal with head and H a subset of B.
Corollary 3.7 If B is a finite regular crystal, then H(B) = B.
Proof. We may assume that B is connected. By Lemma 3.3, we have
Structure of Crystals with Head
Let ψ : H(B) ֒→ B denote the inclusion map.
Definition 4.1 We say that B has a regular head if the head H(B) of B becomes a regular crystal with the maps wt,
otherwise,
, and hence E(b) is stable underf i 's (i ∈ I). Therefore the connected components of H(B) are of the form E(b).
֒→ B is the inclusion map. Note that, for all i, j ∈ I, we have
λ 0 is dominant integral. We will show that there exists a unique embedding of regular crystals
Let D be a finite regular crystal, and let λ be a dominant integral weight. We denote by B(λ) the crystal associated with the integrable highest weight U ′ q (g)-module V (λ) with highest weight λ, and let u λ be the highest weight vector of B(λ). 
Proof. If it were not true, there would exist Proof. 
Proof. If the proposition were false, there would exist b ∈ (D ⊗ B(λ)) \ (D ⊗ u λ ) and l > 0 such that
Since D is a finite crystal, all of its weights have level 0. Hence the square lengths of its weights are well-defined.
for all k ≥ 1. Hence (wt(b k ), wt(b k )) are the same for all k ≥ 1. Since (4.3) is the equality and
Note that the subcrystal D ⊗u λ of D ⊗B(λ) is isomorphic to the crystal D ⊗T λ , where T λ denotes the crystal with a single element t λ of weight λ and with ε i (t λ ) = ϕ i (t λ ) = −∞. Let B be a regular crystal. In the next theorem, we will show that any morphism of crystals Ψ : D ⊗ u λ → B commuting with theẽ i 's (i ∈ I) can be extended uniquely to a morphism of regular crystals from D ⊗ B(λ) → B. Proof. Let Σ be the set of pairs (S,Ψ) satisfying the following properties: Since Σ is inductively ordered, by Zorn's Lemma, it has a maximal element. Let (S,Ψ) be a maximal element. It is enough to prove that S is the same as D ⊗ B(λ). Assume that they are different. 
we have the desired property ε i (Ψ(b)) = ε i (b).
Finally, let us prove (4.8). Ifẽ 
Proof. Since E(b 0 ) is finite, the existence and the uniqueness of Ψ follow immediately from Theorem 4.5. We can also see that Ψ is an embedding by Lemma 4.2.
The following theorem describes completely the structure of the regular crystals with regular head. Proof. It suffices to prove that E(b 0 ) ⊗ B(λ) is connected for all b 0 ∈ H(B). This follows from the fact that
Highest Weight Crystals and Perfect Crystals
Let k, l be positive integers, λ a dominant integral weight of level k, and B l a perfect crystal of level l. The definition and the relevant theory of perfect crystals can be found in [5] , [6] and [7] . Consider the tensor product of regular crystals B(λ) ⊗ B l , where B(λ) is the crystal for the integrable highest weight module V (λ) over U ′ q (g) with a dominant integral highest weight λ. If k ≥ l, it is known that B(λ) ⊗ B l decomposes into a disjoint union of crystals B(µ), where µ is a dominant integral weight of level k. In fact, H(B(λ) ⊗ B l ) is a discrete crystal in this case, and coincides with u λ ⊗ B ≤λ l , where
See [6] and [7] for details.
In this work, we will concentrate on the case when k < l. We first observe:
Proposition 5.1 The crystal B(λ) ⊗ B l has a head and
is a finite set. Hence B(λ) ⊗ B l has a head. Now, it is clear that u λ ⊗ B l is stable under e i 's (i ∈ I). Moreover, for any u ⊗ b ∈ B(λ) ⊗ B l , by applyingẽ i 's repeatedly, we get
for sufficiently large k ≥ 1. Hence our assertion follows from Lemma 3.6 (a).
In the following, we will show that the head H(B(λ) ⊗ B l ) of B(λ) ⊗ B l is isomorphic to the perfect crystal B l−k . Moreover, we will prove that there exists an isomorphism of crystals
where λ ′ is the dominant integral weight of level k determined by the crystal isomorphism
given in [6] .
In order to give more precise statements, let us recall the theory of coherent families of perfect crystals developed in [5] . Let {B l } l≥1 be a family of perfect crystals B l of level l, and set B 
Definition 5.2 A crystal B ∞ with an element b ∞ is called a limit of {B l } l≥1 if it satisfies the following conditions:
for any (l, b) ∈ J, there exists an embedding of crystals (5.2)
If a limit exists, we call {B l } l≥1 a coherent family of perfect crystals. It was proved in [5] 
We conjecture that all the coherent families satisfy this condition. Moreover, σ sends the simple roots to the simple roots, and there exists an element of the Weyl group W such that its induced action on P 0 cl coincides with σ| P 0 cl .
In the sequel, we fix a coherent family {B l } l≥1 of perfect crystals satisfying the condition (5.4). For positive integers k and l with k < l, let λ be a dominant integral weight of level k and set λ ′ = σ −1 λ. Then we have:
There exists a unique embedding of crystals
Proof. Let us first prove the uniqueness. If b ∈ B l−k is sent to t λ ⊗ b ′ ⊗ t −λ ′ , then we have ε(b ′ ) = ε(b) + λ, and hence we have c, ε(b
is uniquely determined because ε : B min l → P cl is injective. Now, the uniqueness of ψ follows from the connectedness of B l−k .
We shall prove the existence. Let us take a dominant integral weight ξ of level l − k and set µ = λ + ξ. Then µ is of level l. Set µ ′ = σ −1 µ and ξ
Then they are minimal vectors and we have the embeddings
, which gives (5.5). Therefore we obtain an embedding of crystal
This induces the desired embedding ψ.
Q.E.D. 
. Then we have an isomorphism of crystals
Proof of (5.8): Let us take a dominant integral weight ξ of level l − k and set µ = λ + ξ. Since B l is perfect, there exists a unique element
, where µ ′ = σ −1 µ, and u µ (resp. u µ ′ ) denotes the highest weight vector of B(µ) (resp. B(µ ′ )) (cf. [6] ). Hence, for any b ∈ B l , there exist i 1 , . . . , i t ∈ I such that
In particular, we have ε is (ẽ i s−1 . . .ẽ i 1 b) > h is , µ ≥ h is , λ for s = 1, . . . , t. This gives
which proves (5.8).
In the following, we will give a list of coherent families of perfect crystals {B l } l≥1 satisfying the condition (5.4) for each quantized affine algebra
2n , and D (2) n+1 . For a positive integer k < l, and a dominant integral weight λ = a 0 Λ 0 + a 1 Λ 1 + · · · + a n Λ n of level k, Theorem 5.4 yields an isomorphism of crystals
where λ ′ = σ −1 λ. We will also give explicit descriptions of the head u λ ⊗B
We follow the notations in [5] and [7] .
As an A n -crystal, B l is isomorphic to B(lΛ 1 ). The crystal structure on B l is described in [5] and [7] .
The isomorphism Ψ :
2n−1 (n ≥ 3):
As a C n -crystal, B l is isomorphic to B(lΛ 1 ). The crystal structure on B l is described in [5] and [7] .
. . , n − 1), 2x n + x 0 ≥ a n , 2x n + x 0 ≥ a n }.
As a B n -crystal, B l is isomorphic to B(lΛ 1 ). The crystal structure on B l is described in [5] and [7] .
If a n is odd,
As a C n -crystal, B l is isomorphic to B(0) ⊕ B(Λ 1 ) ⊕ · · · ⊕ B(lΛ 1 ). The crystal structure on B l is described in [5] and [7] .
. . , x n − a n ,x n − a n , . . . ,x 2 − a 2 ,x 1 − a 1 ). (5.14)
2x n + x 0 ≥ a n , 2x n + x 0 ≥ a n , s(b) ≤ l − a 0 }.
As a B n -crystal, B l is isomorphic to B(0) ⊕ B(Λ 1 ) ⊕ · · · ⊕ B(lΛ 1 ). The crystal structure on B l is described in [5] and [7] .
The isomorphism Ψ : u λ ⊗ B (λ) l ∼ − → B l−k is given as follows. If a n is even, Ψ(u λ ⊗ (x 1 , . . . , x n , x 0 ,x n , . . . ,x 1 )) = (x 1 − a 1 , x 2 − a 2 , . . . , x n − a n 2 , x 0 ,x n − a n 2 , . . . ,x 2 − a 2 ,x 1 − a 1 ). k =a 0 + · · · + a n , λ ′ =λ = a 0 Λ 0 + a 1 Λ 1 + · · · + a n Λ n , B (λ) l ={b = (x 1 , . . . , x n ,x n , . . . ,x 1 ) ∈ B l | x i ,x i ≥ a i (i = 1, . . . , n), s(b) ≤ 2(l − a 0 )}.
As a C n -crystal, B l is isomorphic to B(0) ⊕ B(2Λ 1 ) ⊕ · · · ⊕ B(2lΛ 1 ). The crystal structure on B l is described in [5] .
The isomorphism Ψ : u λ ⊗ B = (x 1 − a 1 , x 2 − a 2 , . . . , x n − a n ,x n − a n , . . . ,x 2 − a 2 ,x 1 − a 1 ).
(5.17) (g) g = D k =a 0 + a 1 + 2(a 2 + · · · + a n−2 ) + a n−1 + a n , λ ′ =a 1 Λ 0 + a 0 Λ 1 + a 2 Λ 2 + · · · + a n−2 Λ n−2 + a n Λ n−1 + a n−1 Λ n , . . , x n ,x n , . . . ,x 1 ) ∈ B l | x 1 ≥ a 0 ,x 1 ≥ a 1 , x i ,x i ≥ a i (i = 2, . . . , n − 2), x n−1 ,x n−1 ≥ a n , x n−1 + x n ≥ a n−1 ,x n−1 + x n ≥ a n−1 } if a n−1 ≥ a n , {b = (x 1 , . . . , x n ,x n , . . . ,x 1 ) ∈ B l | x 1 ≥ a 0 ,x 1 ≥ a 1 , x i ,x i ≥ a i (i = 2, . . . , n − 2), x n−1 ,x n−1 ≥ a n−1 , x n−1 +x n ≥ a n ,x n−1 +x n ≥ a n } if a n−1 ≤ a n .
As a D n -crystal, B l is isomorphic to B(lΛ 1 ). The crystal structure on B l is described in [5] and [7] .
The isomorphism Ψ : u λ ⊗ B (λ) l ∼ − → B l−k is given as follows. If a n−1 ≥ a n , Ψ(u λ ⊗ (x 1 , . . . , x n ,x n , . . . ,x 1 )) = (x 1 − a 0 , x 2 − a 2 , . . . , x n−2 − a n−2 ,
x n−1 − a n − (a n−1 − a n − x n ) + , (x n − a n−1 + a n ) + ,
x n + (a n−1 − a n − x n ) + ,x n−1 − a n − (a n−1 − a n − x n ) + , x n−2 − a n−2 , . . . ,x 2 − a 2 ,x 1 − a 1 ), (5.18) and if a n−1 ≤ a n , Ψ(u λ ⊗ (x 1 , . . . , x n ,x n , . . . ,x 1 )) = (x 1 − a 0 , x 2 − a 2 , . . . , x n−2 − a n−2 ,
x n−1 − a n−1 − (a n − a n−1 −x n ) + , x n + (a n − a n−1 −x n ) + , (x n − a n + a n−1 ) + ,x n−1 − a n−1 − (a n − a n−1 −x n ) + , x n−2 − a n−2 , . . . ,x 2 − a 2 ,x 1 − a 1 ).
(5.19)
